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Abstract
The (strong) matching preclusion number is a measure of the performance
of the interconnection network in the event of (vertex and) edge failure, which
is defined as the minimum number of (vertices and) edges whose deletion
results in the remaining network that has neither a perfect matching nor an
almost-perfect matching. The bubble-sort star graph is one of the validly
discussed interconnection networks. In this paper, we show that the strong
matching preclusion number of an n-dimensional bubble-sort star graph BSn
is 2 for n ≥ 3 and each optimal strong matching preclusion set of BSn is a
set of two vertices from the same bipartition set. Moreover, we get that the
matching preclusion number of BSn is 2n−3 for n ≥ 3 and that every optimal
matching preclusion set of BSn is trivial.
Keywords: interconnection network, strong matching preclusion, match-
ing preclusion, bubble-sort star graph
1. Introduction
The fault tolerance and stability of the interconnection network are crucial factors
in establishing and optimizing network topology. If a faulty vertex in a network is
matched by a special matching, then the tasks running on the faulty vertex are able
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to be shifted to another vertex by the matching in the event of (vertex and) edge
failure, which can enhance the fault tolerance and stability of the interconnection
network. Thus the (strong) matching preclusion as a measure of the performance of
the interconnection networks has been proposed and studied in recent years.
The interconnection network can be represented by an undirected graph G. The
(strong) matching preclusion number of a graph G is the minimum number of (ver-
tices and) edges in G whose deletion results in the remaining graph with neither
perfect matchings nor almost-perfect matchings. The concept of matching preclu-
sion was firstly introduced as a measure of robustness of networks in the case of edge
failure by Brigham et al. in [1]. To extend this concept, Park et al. in [14] gave the
concept of strong matching preclusion. The (strong) matching preclusion of many
well-known interconnection networks has been studied, such as the star graphs [4],
the augmented cubes [6], the k-ary n-cubes [18]. Many other results can be seen in
[3], [5], [10]-[13].
In this paper, we deal with the strong matching preclusion and the matching
preclusion of the bubble-sort star graph BSn, which has many nice properties. BSn
is edge-bipancyclic, vertex-bipancyclic and bipancyclic for n ≥ 3 [9]. Zhao et al.
[23] gave the generalized connectivity of BSn and Wang et al. [19] studied the
diagnosability of BSn with missing edges. Many other properties of BSn have been
investigated [8], [17], [20]-[22], [24]. The remainder of this paper is organized as
follows: In section 2, we introduce some definitions and give the strong matching
preclusion number of BSn. We consider the matching preclusion of BSn in section
3. In section 4, we make a conclusion.
2. Preliminaries
In this section, we first introduce some necessary definitions.
Let G be a simple connected graph with vertex set V (G) and edge set E(G).
The order of a graph G, denoted by |V (G)|, is the number of vertices in G. The
degree of a vertex v ∈ V (G), denoted by dG(v), is the number of edges that are
incident with v in G. A graph G is k-regular if dG(v) = k for every v ∈ V (G). Let
e1 = (v1, v2), e2 = (u1, u2) be any two edges in a graph G. If {v1, v2} ∩ {u1, u2} = ∅,
then edges e1 and e2 are independent in G. A graph G is bipartite if there exist two
bipartition sets V1, V2 ⊆ V (G) with V2 = V (G) − V1 such that every edge of G has
one end vertex in V1 and the other in V2. The graph K1,n−1 is a bipartite graph
with vertex set V (K1,n−1) = V1 ∪ V2 = {u1, u2, · · · , un} and edge set E(K1,n−1) =
{(u1, ui) | i = 2, 3, · · · , n}, where V1 = {u1}, V2 = {u2, u3, · · · , un}. The graph Pn is a
path with vertex set V (Pn) = {u1, u2, · · · , un} and edge set E(Pn) = {(ui, ui+1) | i =
1, 2, · · · , n − 1}. Let G,H be two graphs, then G ∪ H is a graph with vertex set
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V (G) ∪ V (H) and edge set E(G) ∪ E(H).
Let G be a connected graph and M ⊆ E(G). Then M is a matching of G if
every vertex in G is incident with at most one edge in M . The vertex which is
incident with one edge in a matching M is matched by M ; vertices which are not
incident with any edge of M are called unmatched by M . A matching M ⊆ E(G) is
a perfect matching if every vertex in G is matched by M . A matching M ⊆ E(G)
is an almost-perfect matching if every vertex except one in G is matched by M ,
while the exceptional vertex is unmatched by M . The order of G is even if G has a
perfect matching, and the order of G is odd if G has an almost-perfect matching. Let
F ∗ ⊆ V (G)∪E(G) and G−F ∗ be the subgraph of G with vertex set V (G)−F ∗ and
edge set E(G)− F ∗. The set F ∗ is a strong matching preclusion set of G, if G− F ∗
has neither perfect matchings nor almost-perfect matchings and the minimum size
of such set F ∗, denoted by smp(G), is the strong matching preclusion number of G.
A set F ∗ is an optimal strong matching preclusion set of graph G if |F ∗| = smp(G).
Let F ⊆ E(G) and G− F be the subgraph of G with vertex set V (G) and edge set
E(G)−F . The matching preclusion number of G, denoted by mp(G), is the minimum
size of F such that G−F has no perfect matchings or almost-perfect matchings and
such edge set F is an optimal matching preclusion set of G. An optimal matching
preclusion set F of graph G is trivial if every edge of F is incident with exactly the
same vertex in G. Obviously, mp(G) = 0 for any graph G without perfect matchings
and almost-perfect matchings.
Let n1, n2 be two integers with n2 > n1 ≥ 1 and [n1, n2] = {n1, n1 + 1, · · · , n2 −
1, n2}. Let a = a1a2 · · · an, b = b1b2 · · · bn be two permutations on [1, n] with n ≥ 2
and “◦” be an operation on a transposition 〈i, j〉 such that a = b ◦ 〈i, j〉 if and only
if ai = bj, aj = bi and ak = bk for every k ∈ [1, n]− {i, j}.
Definition 2.1 [7] Let n be an integer with n ≥ 2 and S be the set containing
all permutations on [1, n]. An n-dimensional bubble-sort star graph BSn has vertex
set V (BSn) = S. For any two distinct vertices u and v in V (BSn), u is adjacent to
v if and only if one of the following conditions holds:
(1) u = v ◦ 〈1, i〉 for some i ∈ [2, n];
(2) u = v ◦ 〈i− 1, i〉 for some i ∈ [3, n].
By Definition 2.1, BSn is a bipartite and (2n− 3)-regular graph with n! vertices.
For every i ∈ [1, n], let BSin be the induced subgraph of BSn with V (BSin) = {a =
a1a2 · · · an ∈ V (BSn) | an = i}. Thus BSin ∼= BSn−1 for every i ∈ [1, n]. For a subset
I ⊆ [1, n], let BSIn be the subgraph of BSn induced by the vertex set ∪i∈IV (BSin).
We illustrate BS2, BS3 and BS4 in Fig. 1.
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that the n-dimensional bubble-sort star graph BSn is edge-bipancyclic for n ≥ 3 and
for each even length l with 4 ≤ l ≤ n! and n ≥ 3, every edge of BSn lies on at least
four different cycles of length l.
2. Preliminaries
In this section, we first review bubble-sort star graphs and give some notations
which will be used in the following proof.
Definition 2.1 [7] The n-dimensional bubble-sort star graph BSn has vertex set
that consists of all n! permutations on {1, 2, · · · , n}. A permutation x on {1, 2, · · · , n}
is denoted as x = x1x2 · · ·xn. A vertex x = x1x2 · · ·xn ∈ V (BSn) is adjacent to
vertex y = y1y2 · · · yn ∈ V (BSn) if and only if there exists an integer i with 2 ≤ i ≤ n
such that yi = xi−1, yi−1 = xi and xj = yj for every j ∈ {1, 2, · · · , n} − {i− 1, i} or
y1 = xi, yi = x1 and xj = yj for every j ∈ {2, · · · , n} − {i}.
By Definition 2.1, BSn is a bipartite graph that has n! vertices, each of which is
a permutation on {1, 2, · · · , n} and each vertex has degree 2n−3. Fig. 1 shows BS2,
BS3, and BS4, respectively.
BS2
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Fig. 1 Illustration of BSn for n = 2, 3, 4
Let x = x1x2 · · ·xn, y = y1y2 · · · yn ∈ V (BSn), we use ”◦” to denote an operation
such that x = y ◦ (i, j) if and only if xi = yj, xj = yi and xk = yk for every
k ∈ {1, 2, · · · , n} − {i, j}. Then (x, y) ∈ E(BSn) if and only if y = x ◦ (1, i) or
y = x◦ (i−1, i) for some i ∈ {2, 3, · · · , n}. Let x+ = x◦ (1, n) and x− = x◦ (n−1, n)
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Figure 1: BSn for n = 2, 3, 4.
Now we give some properties of BSn.
Lemma 2.2 [2] BSn is vertex transitive for n ≥ 2.
Lemma 2.3 [20] BSn is a special Cayley graph for n ≥ 2.
Lemma 2.4 [2] There exist 2(n−2)! independent edges connecting BSin and BSjn
for any i, j ∈ [1, n] with i 6= j and n ≥ 3.
Lemma 2.5 [2] For any two distinct vertices u, v ∈ V (BSin) with some i ∈ [1, n]
and n ≥ 3, {u ◦ 〈1, n〉, u ◦ 〈n− 1, n〉} ∩ {v ◦ 〈1, n〉, v ◦ 〈n− 1, n〉} = ∅.
Lemma 2.6 [14] Let G be a connected k-regular and bipartite graph with k ≥ 3.
Then smp(G) = 2 and each optimal strong matching preclusion set of G is a set of
two vertices from the same bipartition set.
By Definition 2.1 and Lemma 2.6, we have the following theorem.
Theorem 2.7 smp(BSn) = 2 for n ≥ 3 and each optimal strong matching
preclusion set of BSn is a set of two vertices from the same bipartition set.
3. Matching preclusion of BSn
In this section, we will consider the matching preclusion number and the optimal
4
matching preclusion set of BSn.
Let Γ be a finite group and Λ ⊆ Γ such that the identify of Γ is in Γ − Λ. The
digraph Cay(Γ,Λ) is a Cayley graph with vertex set Γ and arc set {〈g, g · λ〉 | g ∈
Γ, λ ∈ Λ}. Let Λ−1 = {λ−1 | λ ∈ Λ}. The graph Cay(Γ,Λ) is an undirected graph
in the case that Λ = Λ−1.
Let S be the group of all permutations on [1, n] with n ≥ 2 and T be a set of
transpositions of S. Let G(T ) be a graph with vertex set {1, 2, · · · , n} and edge set
{(i, j) | 〈i, j〉 ∈ T} [15]. The graph G(T ) is the transposition generating graph of
the Cayley graph Cay(S, T ). By Definition 2.1, the n-dimensional bubble-sort star
graph BSn is a Cayley graph with G(T ) ∼= K1,n−1 ∪ Pn (see Fig. 2).
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Figure 2: K1,n−1 ∪ Pn.
Lemma 3.1 [16] Let G be a Cayley graph, which can be obtained from a con-
nected transposition generating graph on [1, n] with n ≥ 4. Then for any two distinct
vertices u and v in distinct two bipartition sets of G, there exists a Hamiltonian path
connecting them.
Lemma 3.2 [16] Let G be a bipartite and k-regular graph with k ≥ 3. Then
mp(G) = k.
By Definition 2.1 and Lemma 3.2, we immediately have the following theorem.
Theorem 3.3 mp(BSn) = 2n− 3 for n ≥ 3.
Lemma 3.4 Every optimal matching preclusion set of BS3 is trivial.
Proof. Let F be an arbitrary optimal matching preclusion set of BS3. By
Theorem 3.3, |F | = mp(BS3) = 3. By Definition 2.1, |V (BS3)| = 3! = 6. Thus
BS3−F has no almost-perfect matchings. Now we suppose that F is not trivial. Let
edges a = (123, 132), b = (132, 312), c = (312, 321), d = (321, 231), e = (231, 213),
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f = (123, 213), g = (123, 321), h = (132, 231) and p = (213, 312) (see Fig. 3).
Figure 3: Illustration of Lemma 3.4.
Now we will consider the following four cases.
Case 1. |F ∩ {a, b, c, d, e, f}| = 3.
In this case, {g, h, p} is a perfect matching in BS3 − F , a contradiction.
Case 2. |F ∩ {g, h, p}| = 3.
In this case, both {a, c, e} and {b, d, f} are perfect matchings in BS3 − F , a
contradiction.
Case 3. |F ∩ {a, b, c, d, e, f}| = 2 and |F ∩ {g, h, p}| = 1.
In this case, the perfect matchings inBS3−F are listed in Table 1, a contradiction.
F Perfect matching
{a, b} ⊆ F and |F ∩ {g, p}| = 1 {f, h, c}
{a, c} ⊆ F and |F ∩ {g, h, p}| = 1 {b, d, f}
{a, d} ⊆ F and |F ∩ {g, h, p}| = 1 {f, h, c} or {b, g, e}
{a, e} ⊆ F and |F ∩ {g, h, p} | = 1 {b, d, f}
{a, f} ⊆ F and |F ∩ {h, p} | = 1 {b, g, e}
Table 1. Perfect matchings in BS3 − F in Case 3.
Case 4. |F ∩ {a, b, c, d, e, f}| = 1 and |F ∩ {g, h, p}| = 2.
In this case, {a, c, e} or {b, d, f} is a perfect matching in BS3−F , a contradiction.
Hence every optimal matching preclusion set of BS3 is trivial.
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Lemma 3.5 Every optimal matching preclusion set of BS4 is trivial.
Proof. Let F be an arbitrary optimal matching preclusion set of BS4. By
Theorem 3.3, |F | = mp(BS4) = 5. By Definition 2.1, |V (BS4)| = 4! = 24. Thus
BS4 − F does not have almost-perfect matchings. Let M+ = {(v, v ◦ 〈1, 4〉) | v ∈
V (BS4)} and M− = {(v, v ◦ 〈3, 4〉) | v ∈ V (BS4)}. It is clearly that both M+ and
M− are perfect matchings of BS4. Since there is no perfect matchings in BS4 − F ,
|F∩M+| ≥ 1 and |F∩M−| ≥ 1. By Lemma 2.5, (F∩M+)∩(F∩M−) = ∅. If BSi4−F
has a prefect matchingMi for every i ∈ [1, 4], thenM = M1∪M2∪M3∪M4 is a perfect
matching in BS4 − F , a contradiction. Hence there exists an integer j ∈ [1, 4], such
that BSj4−F has no perfect matchings. Without loss of generality, we assume j = 1.
By Theorem 3.3, |F ∩E(BS14)| ≥ 3. Since |F | = 5, |F ∩M+| ≥ 1, |F ∩M−| ≥ 1 and
(F ∩M+) ∩ (F ∩M−) = ∅, we have |F ∩ E(BS14)| = 3, |F ∩M+| = |F ∩M−| = 1.
Hence F ∩ E(BS14) is an optimal matching preclusion set of BS14 and there is an
isolated vertex u in BS14 − F by Lemma 3.4.
If F ∩M+ = {(u, u ◦ 〈1, 4〉)} and F ∩M− = {(u, u ◦ 〈3, 4〉)}, then u is an isolated
vertex in BS4−F . Thus BS4−F does not have perfect matchings and F is trivial.
Now we suppose that F is not trivial.
Since BS4 is vertex transitive by Lemma 2.2, we assume u = 4321. Let u1 =
4312, u2 = 1324, v1 = 3421, v2 = 4231, v3 = 2341, v
′
1 = 3412, v
′
2 = 1234,
v′3 = 1342 and v
′′
3 = 2314 (see Fig. 4). Then F ∩ E(BS14) = {(u, v1), (u, v2), (u, v3)},
{(u, u1), (v1, v′1), (v3, v′′3 ), (v′3, u2)} ⊆M− and {(u, u2), (v2, v′2), (v3, v′3), (u1, v′′3)} ⊆M+.
Since E(BSi4)∩F = ∅ for every i ∈ [2, 4], there is a perfect matching Mi in BSi4−F
by Theorem 3.3.
Now we consider the following two cases.
Case 1. (u, u1) 6∈ F .
Suppose that (v
′
1, v1) 6∈ F . ThenM12 = {(u, u1), (v′1, v1), (4132, 1432), (3142, 1342),
(3241, 2341), (4231, 2431)} is a perfect matching of BS[1,2]4 −F . Thus M12∪M3∪M4
is a perfect matching in BS4 − F , a contradiction. Hence (v′1, v1) ∈ F . Since
|F ∩M−| = 1, (v3, v′′3 ) 6∈ F and (v′3, u2) 6∈ F . Then M124 = {(u, u1), (v3, v′′3 ), (v′3, u2),
(3241, 3421), (2431, 4231), (4132, 1432), (3412, 3142), (3124, 3214), (1234, 2134)} is a per-
fect matching in BS
{1,2,4}
4 − F . Thus M124 ∪M3 is a perfect matching in BS4 − F ,
a contradiction.
Case 2. (u, u1) ∈ F .
Since F is not trivial, (u, u2) 6∈ F . If (v′2, v2) 6∈ F , then M14 = {(u, u2), (v′2, v2),
(3124, 3214), (2134, 2314), (3241, 3421), (2341, 2431)} is a perfect matching inBS{1,4}4 −
F . Thus M14 ∪M2 ∪M3 is a perfect matching in BS4 − F , a contradiction. Hence
(v
′
2, v2) ∈ F . Since |F ∩M+| = 1, (v3, v′3) 6∈ F and (u1, v′′3) 6∈ F . Then M ′124 =
7
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Figure 4: Illustration of Lemma 3.5.
{(u, u2), (v3, v′3), (u1, v′′3), (3241, 3421), (2431, 4231), (4132, 1432), (3412, 3142), (3124,
3214), (1234, 2134)} is a perfect matching in BS{1,2,4}4 − F . Thus M ′124 ∪ M3 is a
perfect matching in BS4 − F , a contradiction.
Hence (u, u1) ∈ F , (u, u2) ∈ F and F is trivial.
Theorem 3.6 Every optimal matching preclusion set of BSn is trivial for n ≥ 3.
Proof. We prove this theorem by induction on n. For n = 3, 4, the theorem
holds by Lemmas 3.4 and 3.5. Now we assume that n ≥ 5. Let F be an arbitrary
optimal matching preclusion set of BSn. By Theorem 3.3, |F | = mp(BSn) = 2n− 3.
By Definition 2.1, |V (BSn)| = n!. Thus BSn − F does not have almost-perfect
matchings. Let M+ = {(v, v◦〈1, n〉) | v ∈ V (BSn)} and M− = {(v, v◦〈n−1, n〉) | v ∈
V (BSn)}. It is clearly that both M+ and M− are perfect matchings of BSn. Since
there is no perfect matchings in BSn − F , |F ∩M+| ≥ 1 and |F ∩M−| ≥ 1. By
Lemma 2.5, (F ∩M+) ∩ (F ∩M−) = ∅.
If BSin − F has a perfect matching Mi for every i ∈ [1, n], then BSn − F has a
perfect matching M1 ∪M2 ∪ · · · ∪Mn, a contradiction. Thus there exists an integer
j ∈ [1, n] such that BSjn − F does not have perfect matchings. Without loss of
generality, we assume j = 1. By Theorem 3.3, |F ∩ E(BS1n)| ≥ 2n − 5. Since
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|F | = 2n − 3, |F ∩M+| ≥ 1, |F ∩M−| ≥ 1 and (F ∩M+) ∩ (F ∩M−) = ∅, we
have |F ∩ E(BS1n)| = 2n − 5, |F ∩ M+| = |F ∩ M−| = 1 and F ∩ E(BSin) = ∅
for every i ∈ [2, n]. Hence F ∩ E(BS1n) is an optimal matching preclusion set of
BS1n and there is an isolated vertex u in BS
1
n − F by induction hypothesis. If
F ∩M+ = {(u, u ◦ 〈1, n〉)} and F ∩M− = {(u, u ◦ 〈n− 1, n〉)}, then u is an isolated
vertex in BSn−F . Thus BSn−F does not have perfect matchings and F is trivial.
Now we suppose that F is not trivial.
Since BSn is vertex transitive by Lemma 2.2, we assume u = n(n − 1) · · · 321.
Since F is not trivial, there exists an vertex v2 ∈ {u ◦ 〈1, n〉, u ◦ 〈n− 1, n〉} such that
(u, v2) 6∈ F . Without loss of generality, we assume v2 ∈ V (BS2n). Since BSn is a
bipartite graph, there exist two bipartition subsets V1, V2 ⊆ V (BSn) with u ∈ V1,
v2 ∈ V2 such that V1 ∩V2 = ∅, V1 ∪V2 = V (BSn) and every edge in BSn has one end
vertex in V1 and the other in V2.
Figure 5: A Hamiltonian path in BSn − F .
Let Ei,j = {(w1, w2) ∈ E(BSn) | w1 ∈ V (BSin), w2 ∈ V (BSjn)} for i, j ∈ [1, n]
with i 6= j. By Lemma 2.4, |Ei,j| = 2(n − 2)! for every i, j ∈ [1, n] with i 6= j. By
Definition 2.1, |M+ ∩Ei,j| = |M− ∩Ei,j| = (n− 2)! for every i, j ∈ [1, n] with i 6= j.
Since |F ∩M+| = |F ∩M−| = 1 and (n − 2)! > 1 for n ≥ 5, there exist vertices
uk ∈ V (BSkn) ∩ V1 and vk+1 ∈ V (BSk+1n ) ∩ V2 such that (uk, vk+1) ∈ M+ ∪M1 − F
for every k ∈ [2, n − 1]. Also we can get two vertices un ∈ V (BSnn) ∩ V1 and
v1 ∈ V (BS1n) ∩ V2 such that (un, v1) ∈ M+ ∪M1 − F (see Fig. 5). By Lemmas
2.3 and 3.1, there exists a Hamiltonian path Pk between vk and uk in BS
k
n for every
k ∈ [2, n]. There exists a Hamiltonian path P1 between v1 and u in BS1n. Let w
be the vertex such that (u,w) ∈ E(P1). Since F ∩ E(BS1n) is an optimal matching
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preclusion set of BS1n, (E(P1) − {(u,w)}) ∩ F = ∅. Since F ∩ E(BSkn) = ∅ for
every k ∈ [2, n], E(Pk) ∩ F = ∅. Let H be the subgraph of BSn with vertex set
V (H) = V (BSn) and edge set E(H) = ∪n−1k=2(E(Pi)∪{(ui, vi+1)})∪E(P1)∪E(Pn)∪
{(v1, un), (u, v2)} − {(u,w)}. Then H is a Hamiltonian path between u and w in
BSn − F . Since |V (H)| = |V (BSn)| = n! for n ≥ 5, there is a perfect matching in
H, which is also a perfect matching in BSn − F , a contradiction.
Hence every optimal matching preclusion set of BSn is trivial.
4. Conclusion
In this paper, we study the strong matching preclusion and the matching preclu-
sion of the n-dimensional bubble-sort star graph BSn. We show that the strong
matching preclusion number of BSn is 2 for n ≥ 3 and each optimal strong matching
preclusion set of BSn is a set of two vertices from the same bipartition set. We
also show that the matching preclusion number of BSn is 2n − 3 for n ≥ 3 and
that every optimal matching preclusion set of BSn is trivial. The (strong) matching
preclusion of interconnection network determines the fault tolerance and stability of
the network. They are issues worth studying.
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